The Imbert-Fedorov (IF) shift is the transverse shift of a beam at a surface or an interface. It is a manifestation of the three-component Berry curvature in three dimensions, and has been studied in optical systems and Weyl semimetals. Here we investigate the IF shift in two types of topological systems, topological semimetals with pseudospin-N/2 for an arbitrary integer N , and nodal-line semimetals (NLSMs). For the former, we find the IF shift depends on the components of the pseudospin, with the sign depending on the chirality. We term this phenomenon the pseudospin Hall effect of topological fermions. The shift can also be interpreted as a consequence of the conservation of the total angular momentum. For the latter, if the NLSM has both time-reversal and inversion symmetries, the IF shift is zero; otherwise it could be finite. We take the NLSM with a vortex ring, which breaks both symmetries, as an example, and show that the IF shift can be used to detect topological Lifshitz transitions. Finally, we propose experimental designs to detect the IF shift.
I. INTRODUCTION
When a beam of light is reflected at a surface or interface, it experiences a chirality-dependent transverse shift 1, 2 . This phenomenon, named the ImbertFedorov (IF) shift after its discoverers, originates from the chirality-dependent Berry curvature of photons that can be derived from Maxwell equations 3, 4 . Semiclassically, a wave packet of photons with certain chirality gains anomalous velocity during the reflection process, which is the cross product of the Berry curvature and an effective force acting on it, resulting in the IF shift. Chirality is also a conserved quantity for Weyl fermions, the Berry curvature of which is also chirality-dependent. Therefore, the IF shift can also occur in the recently discovered Weyl semimetals (WSMs) 5 whose low energy quasiparticles are Weyl fermions [6] [7] [8] . In this work, we generalize the investigation of the IF shift to other types of topological semimetals, namely, the pseudospin-N/2 semimetals with N being an arbitrary positive number, and nodal-line semimetals (NLSMs).
Pseudospin refers to the quantum degree of freedom (DOF) that quasiparticles possess in addition to their orbital DOF, and behaves in a manner that is mathematically equivalent to spin 9 . For instance, the sublattice DOF in graphene can be viewed as a pseudospin 10 . In three dimensions, the WSMs have the effective Hamiltonian H w = k · σ, where the Pauli matrices σ may also denote a degree of freedom which is not related to spin, and hence can be viewed as a pseudospin. As the spin DOF is used in spintronics 9, 11 , the pseudospin DOF finds its applications in pseudospintronics 9 . Although pseudospin behaves like spin, there can be distinct properties associated with it, one of which is that it does not obey spin-statistics theorem. In particle physics, particles obey the Poincaré group symmetry, from which spin-statistics theorem is derived. It tells us that fermions possess half-integer spin while bosons possess integer spin. In condensed matter physics, on the other hand, crystalline solids respect symmetries of the space groups which are subgroups of the Poincaré group and are less constrained, and the pseudospin DOF is not constrained by spin-statistics theorem 12 . As a result, fermions can possess integer pseudospin while bosons can possess half-integer pseudospin. Examples for the former include pseudospin-1 fermions [12] [13] [14] [15] , and that for the latter include Weyl magnons [16] [17] [18] [19] [20] , photonic [21] [22] [23] [24] and phononic crystals with Weyl points [25] [26] [27] , and so on. It has been shown topological fermions with pseudospin-N/2 with N = 1, 2, 3 can be protected by space group symmetries in three dimensions 12 . In this work, we adopt the semiclassical equations of motion (EOMs) to derive the IF shift of the topological fermions with an arbitrary pseudospin. Then we interpret the IF shift as a consequence of the conservation of the total angular momentum, which is the sum of the orbital angular momentum and the pseudospin angular momentum. Our results show that the IF shift is related to the pseudospin component of the topological fermions, thus we term the phenomenon the pseudospin Hall effect (PSHE).
In the pseudospin-N/2 semimetals, the quasiparticles' momentum couple linearly with the pseudospin, giving rise to isotropic linear dispersion. We go beyond such semimetals next, to NLSMs, which host band crossings along a line or a ring in the Brillouin zone, and are highly anisotropic. NLSMs are protected by spatial symmetries, along with time-reversal symmetry in some cases, and can be classified according to their symmetries 28 . NLSMs with different symmetries have different low energy effective Hamiltonian, hence different forms of Berry curvature and IF shift. We focus on two types of NLSMs, one with both time-reversal and inversion symmetries, and another with neither of the two symmetries, and investigate the IF shift in these two systems. In the former, the IF shift vanishes; while in the latter, we find that the IF shift is finite and can be used to detect topological Lifshitz transitions.
Finally, we design an experiment to detect the IF shift. While we discuss the IF shift in the context of topological fermionic systems, the calculations and results can also be applied directly to bosonic systems with arbitrary pseudospins and with nodal lines. As such, when addressing the detection of this effect, we design the experimental setup in both an electronic system and a photonic system. Our paper is organized as follows. In Sec. II, we discuss the pseudospin Hall effect in pseudospin-N/2 semimetals. In Sec. III, we calculate the IF shift in two types of NLSMs, and discuss its application for the detection of topological Lifshitz transitions. We propose an experimental design in Sec. IV. Finally, in Sec. V, we give a summary.
II. PSEUDOSPIN HALL EFFECT IN PSEUDOSPIN-N/2 SEMIMETALS
A. Pseudospin-orbit coupled Hamiltonian
We study the topological fermions whose Hamiltonian can be written as H = vk · S where S is the spin-N/2 representation of the SO(3) group, satisfying the angular momentum algebra [S i , S j ] = i ijk S k . Here, S represents the pseudospin degree of freedom, thus N can be either odd or even. The eigenvalues and eigenstates can be found in the following way. We write H/(vk) =k · S wherek = (sin θ cos ϕ, sin θ sin ϕ, cos θ) is the direction of k in the spherical coordinate system. We can diagonalizek · S by a unitary transformation 29 , with the unitary matrix P . We use the convention that S z is a diagonal matrix, i.e. S z = diag{
Then we have P † (k · S)P = S z . Since P rotates S to the z-direction, it is easy to find P = e −iϕSz e −iθSy , which is a (N + 1) × (N + 1) matrix. Then we have the eigenvalues E i /(vk) = −N/2, −(N/2 − 1), ..., N/2 − 1, N/2, with the corresponding eigenstates Ψ i = P · n i where n i = (0, ..., 1, ..., 0) T , with all elements being 0 except for the ith which is 1.
B. Pseudospin Hall effect
The spectrum of H has a (N + 1)-fold degeneracy at k = 0, which acts as a monopole in the momentum space. The Berry curvature emitted from the monopole exists in the whole space. From the semiclassical point of view, the motion of the wave packet is governed by the EOMs, while the Berry curvature induces an anomalous velocity when an effective force is exerted on the wave packet, resulting in a transverse shift 30 . The EOMs governing the trajectory of the real space coordinate r and the momentum space coordinate k of the wave packet read where Ω(k) is the Berry curvature of a certain band. The potential U (r) can originate from an external electric field, or the interface with another material, or the surface confining potential. To be specific, we assume the wave packet is reflected at an interface, where a potential step is present, as shown in Fig.1 . In principle, the potential step has to be smooth compared with the wave packet for the EOMs to hold; however, as previous studies have shown, whether the potential step is sharp or smooth does not affect the amount of the transverse shift 3,6-8 . Moreover, the form of the potential step will not appear in our calculations. We assume the interface is at z = 0, and the incident wave packet has momentum (k
The IF shift ∆ IF is the integral of the anomalous velocity with respect to the time interval, during which the total reflection occurs,
where Ω
∂ky . For the topological fermions under consideration, Ψ i has been derived in the previous section. The integral can be written in the differential form
where
Then the IF shift becomes
The diagonal elements of matrix S x are 0, thus
Since
where k y = k sin θ sin ϕ and k z = k cos θ, it is straightforward to show
hence
where cos ϕ = k x /(k sin θ). Therefore,
Finally, since the wave packet has k y = 0, we have k I x /k I z = tan θ, and the IF shift is expressed in terms of θ,
The IF shift also depends on the chirality C 6, 7 . If the chirality is reversed, e.g. H = −vk · S, the direction of the IF shift is also reversed. Therefore,
The results are shown in Fig.2 for N = 1, 2, 3, with restored to make the variable dimensionless. N = 1 corresponds to WSMs, for which ∆ IF = −Cv cot θ/(2E). This seems to differ from the previous result by a factor of 1 2 6,7 . This is due to the factor 1 2 in S i = 1 2 σ i , and here v is twice the group velocity of the Weyl fermions. For N = 2, we have ∆ IF = −2Cv cot θ/E for S z = ±1 components, while ∆ IF = 0 for S z = 0 component. This result can be applied straightforwardly to the Maxwell metal 15 . The pseudospin-3/2 semimetal needs special care since it is birefringent, or in other words, since it has two constant energy surfaces at the same energy with different group velocities. The fermions with S z = ± A lattice model with a band cutoff is required to study the quantum tunneling, which is beyond the scope of this work. Now we clarify the condition for total reflection to occur. During the process shown in Fig.1 , the energy E and k x are conserved, and k y = 0. We plot the contours with energy E in k x −k z plane for the two topological semimetals in Fig.3(a) . As long as there is no available state in the lower semimetal to receive the incident fermions from the upper one, i.e. the incident momentum k I 's projection on the k x -axis is larger than the radius of the lower contour, the fermions are totally reflected. Then the critical angle is readily derived, θ c = sin
, where k A (k B ) denotes the radius of the constant energy contour of the upper(lower) semimetal in Fig.1 . For the pseudospin-3/2 semimetal, the fermions with S z = 3 2 and 1 2 have the same critical angle as shown in Fig.3(b) , because the ratio of the larger and smaller radii k (l) /k (s) = 3 for any energy E. This only holds for linear dispersion.
C. Conservation of the total angular momentum
In WSMs, the IF shift can be understood in the way of the conservation of the total angular momentum (TAM) 7, 8 . Here, a similar interpretation can be rendered. The TAM is defined as J = L + S, where L is the orbital angular momentum operator. In the setup of fermions. Since L z = xk y − yk x and k y = 0, we have the transverse shift
The expectation value of S z in the ith band is
Since e iθSy S z e −iθSy = S z cos θ − S x sin θ, then
If the angle of incidence is θ, then the angle of the reflected beam is π − θ, therefore, S R z − S I z = −2(S z ) ii cos θ, and we recover the result Eq.12.
III. THE IF SHIFT IN NODAL-LINE SEMIMETALS
NLSMs host one-dimensional curves in the Brillouin zone along which the conduction and the valence bands cross each other. The classification of NLSMs is not complete yet. So far, it has been found that nodal lines can be protected by one or several of these spatial symmetries: inversion, mirror reflection and twofold screw rotation symmetries, and they belong to different topological classes according to their symmetries 28 . Since different classes have different low energy effective Hamiltonians, the form of the Berry curvature and hence the IF shift should also be different. We study the IF shift in two The model of NLSM protected by time-reversal and inversion symmetries is given by
It is straightforward to show the Berry curvature Ω(k) is zero. Actually, the time-reversal symmetry requires Ω(k) = −Ω(−k), and the inversion symmetry requires Ω(k) = Ω(−k), thus Ω(k) = 0 and the IF shift vanishes.
If the reflection occurs at the z = 0 plane, the vanishing of the IF shift can be seen from the conservation of the orbital angular momentum. Since [L z , H N L ] = 0, L z = xk y − yk x is a conserved quantity. Assume k y = 0, then since k x is conserved, y is also unchanged during the reflection.
B. The IF shift in NLSM with a vortex ring

The vortex ring model reads
which breaks both time-reversal and inversion symmetry, but has mirror reflection symmetry 31 . The energy spectrum is given by
where k r ≡ k 2 x + k 2 y . The nodal ring is given by k z = 0, k r = k 0 . At low energy, E ± has the form
The low energy Fermi surface is a torus with an elliptical cross section, as shown in Fig.4(a) . At a fixed energy E, we can parameterize k by (E, θ, φ) as
and the velocity v = ∇ k E ± at low energy has components
Unlike the isotropic system studied in the previous section, the NLSM with a vortex ring is highly anisotropic. For total reflection, we anticipate that the IF shifts are distinct for the reflection surfaces in different directions. Considering that the x-and y-directions are equivalent in this model, we study two cases, with the reflection surface (i) at the z = 0 plane and (ii) at the x = 0 plane, assuming the incident electrons are at low energy in the upper band. In case (i), during reflection, the momentum in z direction, k z , is reversed, while k x and k y are conserved. Therefore, the IF shift is the vector
in the xy plane projected to the direction perpendicular to the (v x , v y ). For the upper band, the three components of the Berry curvature are given by
Noticing that Ω x and Ω y are odd functions of k z , we conclude that ∆ IF = 0 in case (i). In case (ii), k x is not conserved, while k y , k z and E are the same in the initial and final state. One possibility is φ → π − φ while fixing θ, corresponding to k Fig.4(d) , and we use ∆ IF to denote them, respectively. It is straightforward to show that
The IF shifts are calculated numerically and shown in 2mrE+ , which are proportional to 1/E, in contrast to the more singular behavior of the Berry curvatures in pseudospin-N/2 semimetals which are proportional to 1/E 2 .
C. Detecting topological Lifshitz transitions by the IF shift
The vortex ring model Eq.17 undergoes a topological phase transition from NLSM to WSM phase when α ≡ k 2 0 is swept from α > 0 to α < 0. In the latter phase, a pair of Weyl points with opposite chirality appear at (0, 0, ± |α|), around which the low energy Hamiltonian is
Multiple topological Lifshitz transitions 32 during this phase transition occur: the low energy Fermi surface changes its topology from a torus (α > 0), via a sphere (α = 0), to two spheres (α < 0)
31 .
Now we consider how the IF shift depends on the Fermi surface topology within this model. In the phase with a toroidal Fermi surface, we have shown that the IF shift is zero in case (i), whereas in case (ii) the incident beam splits into two reflected beams with different IF shift. If α = 0, the IF shift in case (i) is still zero, and in case (ii) it is finite but the beam does not split. In the WSM phase, in case (i) the beam splits into two beams with different IF shift after the reflection, while in case (ii) it does not split 8 . Therefore, detecting the IF shift can be used to identify topological Lifshitz transitions. 
IV. EXPERIMENTAL REALIZATION
The experimental design for the detection of the IF shift in WSM has been proposed in Ref. 6, 7 . More than one WSM with different chemical potential is required in these designs, and WSMs with cylindrical geometry is needed in Ref.
7 . Here, we propose a simpler design, in which a single sample of a topological semimetal is needed. For the convenience of description, we focus on the detection of the IF shift in pseudospin-N/2 semimetals below, but the experimental design also works for NLSMs. As shown in Fig.6 , the semimetal is covered by two different insulators above and below it. The insulating film above has two slits, allowing electrons emitted from the transmission electron microscope (TEM) to go into and out of the semimetal. The energy of the electrons is in the gap of both insulators, thus the electrons are not permitted to transmit in them. After the electron beam goes into the semimetal from one slit, it splits into sub-beams with different pseudospin components. Each sub-beam experiences total reflection every time it hits the interface between the semimetal and the insulating films, during which the IF shift occurs. The IF shift should be smaller than the results we have derived, since the motion of the evanescent wave in the insulating film does not contribute. Note that for a specific sub-beam, the shift at the upper interface ∆ I , the height of the semimetal sample is h and the separation between the two slits is L, then m = L cot θ I /(2h). The separation between two outgoing sub-beams is also proportional to m. Therefore, by adjusting the geometry of the semimetal sample and the incident angle to make m large, the IF shift should be observable.
As Weyl points have been realized in photonic crystals [21] [22] [23] [24] , pseudospin-1, pseudospin-3/2 and nodalline band structures for photons can also be realized. The IF shift in photonic crystals with Weyl points has been investigated in Ref. 33 . In Fig.6 , replacing the insulat-ing films with photonic crystals with a band gap, and the semimetal with a gapless topological photonic crystal with pseudospin-N/2 or nodal-line band structures, then the IF shift of a beam of light can be observed.
V. SUMMARY
In summary, we have studied the IF shift in pseudospin-N/2 semimetals with an arbitrary positive integer N and in NLSMs. The main method we use is the semiclassical equations of motion, while the conservation of the angular momentum assists us to interpret our results in the cases with rotational symmetries. We find that the IF shift of topological pseudospin-N/2 fermions depends on the pseudospin components quadratically, with the sign depending on the chirality. By investigating the IF shift in NLSMs with different symmetries, we find it strongly depends on the symmetry of the system. 
